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WEAK SOLUTIONS OF COMPLEX HESSIAN EQUATIONS ON 
COMPACT HERMITIAN MANIFOLDS 

SLAWOMIR KOLODZIEJ AND NGOC CUONG NGUYEN 


Abstract. We prove the existence of weak solutions of complex m—Hessian 
equations on compact Hermitian manifolds for the nonnegative right hand side 
belonging to > n/m (n is the dimension of the manifold). For smooth, 

positive data the equation has been recently solved by Szekelyhidi and Zhang. 
We also give a stability result for such solutions. 


1. Introduction 

S.-T. Yau [ 35 ] confirmed the Calabi Conjecture solving the complex Monge- 
Ampere on compact Kahler manifolds. This fundamental result has been extended 
in several directions. One can consider weak solutions for possibly degenerate non¬ 
smooth right hand side (see [T3] ). Then, one can generalize the equation, and here 
the Hessian equations are a natural choice. The solutions were obtained by Dinew 
and the first author [iniiiii. One can also drop the Kahler condition and consider 
just Hermitian manifolds. The Monge-Ampere on compact Hermitian manifolds 
was solved by Tosatti and Weinkove [33| for smooth nondegenerate data and by 
the authors [32] for the nonnegative right hand side in p > 1. Very recently 
Szekelyhidi [ 30 ] and Zhang m showed the counterpart of Calabi-Yau theorem for 
Hessian equations on compact Hermitian manifolds. 

As in the real case geometrically meaningful Hessian equations appear in some 
’’twisted” nonstandard form. Thus, for the Kahler manifolds the Fu-Yau equation 
[14] related to a Strominger system for dimension higher than two becomes the 
Hessian (two) equation with an extra linear term involving the gradient of the so¬ 
lution. It has been recently studied by Phong-Picard-Zhang [29]. Another form 
of the Hessian equation is shown to be equivalent to quaternionic Monge-Ampere 
equation on HKT-manifolds in the paper of Alesker and Verbitsky [1]. Some re¬ 
lated equations are solved by Szekelyhidi-Tosatti-Weinkove in their work on the 
Gauduchon conjecture m- 

The main result of this paper extends the Szekelyhidi-Zhang [SO] [37] theorem as 
follows. 

Theorem. Let (A, w) be a compact n-dimensional Hermitian manifold and an 
integer number 1 < m < n. Let 0 < / £ LP(X,u!^),p > n/m, and fuj^ > 0. 
There exist a continuous subharmonic function u and a constant c > 0 

satisfying 

(w-k A w’"-™ = c/w”. 

We also obtain a stability theorem (Prop. 13.1611 . which for the Monge-Ampere 
equation was proven in [23] . To obtain those results we need to adapt the methods 
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of pluripotential theory to Hessian equations and Hermitian setting. One of the 
key points, which required a different proof was the counterpart of Chern-Levine- 
Nirenberg inequality. Another stumbling block is the lack of a natural method of 
monotone approximation of an (w, m)-subharmonic function by smooth functions 
from this class. For plurisubharmonic functions, that is the case m = n, this 
is possible (see e.g. 018]). On Kahler manifolds Lu and Nguyen [26| employed 
the method of Berman [4] and Eyssidieux-Guedj-Zeriahi [13] to construct smooth 
approximants of an (w, TO)-subharmonic function. However this method requires 
the existence theorem for Hessian type equation, so it is far more complicated than 
the ones starting from convolutions with a smoothing kernel. In the last section we 
carry out a similar construction to the one in [26j on Hermitian manifolds. 

Acknowledgement. The research was partially supported by NGN grant 
2013/08/A/ST1/00312. A part of this work was done while the first author visited 
E. Schrodinger Institute. He would like to thank the institution for hospitality and 
perfect working conditions. The second author is grateful to Slawomir Dinew and 
Dongwei Gu for many useful discussions. 

2. Estimates in C" 

In this section we wish to develop tools, which correspond to results in pluripo¬ 
tential theory, to study the Hessian equations with respect to a Hermitian form. 
Some of those analogues, notably the Ghern-Levine-Nirenberg inequalities, do not 
carry over trivially and they require a careful examination of the properties of pos¬ 
itive cones associated with elementary symmetric functions. The difficulty is to 
control the negative values of a vector belonging to such a cone. First we prove 
point-wise estimates for the cone in R" and then we express them in the language 
of differential forms which live in the cone associated with a Hermitian metric w 
in C". Next, we use these results to prove basic ’’pluripotential” estimates for 
(w, m)-subharmonic function such as the Ghern-Levine-Nirenberg inequality, the 
Bedford-Taylor convergence theorem, the weak comparison principle and the like. 
We refer to [T5HT8l[24| and [35] for the properties of elementary symmetric functions 
which are used here. 

2.1. Properties of elementary positive cones. Let 1 < m < n be two integers. 
We denote by 

F™ = {A = (Ai,..., A„) e R” : Si{X) > 0,..., 5„(A) > 0} 
the symmetric positive cone associated with polynomials 
Sk{\)= A., A, •••A,. 

l<ii <-"< 2 fc <n 

We use the conventions 

SoiX) = 1 , 

Sk{X) =0 for fc > n or fc < 0. 

For any fixed t-tuple {A, •■•At} Q we write 

(A) •= AfeI = 0 - 
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So Sk-iii 2 ...it is the A:-th order elementary symmetric function of (n — t) variables 
{1,n} \ {* 1 ,Jt}. A property that we frequently use in the sequel is 

(2.1) SmiX) < Sm{X + fJ-) for every A,^ e Fm 

(see m)- Furthermore, a characterisation of the cone Tm (see e.g. [HI Lemma 8]) 
tells that if A G F^, then 

(2.2) (A) >0 

for all {ii, it} C {1, n}, k +1 < m. In particular, if A G F^, then at least m 
of the numbers Ai,..., A„ are positive. Hence, throughout this note we shall write 
the entries of A G F^ in the decreasing order 

(2.3) Ai > • • • > Am > • • • Ap > 0 > Ap+i ■ ■ ■ > Xn 
(with p > m hy the remark above). It is clear that 

(2.4) Sk{X) = Sk-i + XiSk-i-i{X). 

Therefore we have the following expansion 

<S'fc-l(A) = Sk-l-,1 + AlS'fc_2;l 

(2.5) = Sk-l-l + XiSk-2-,12 + AlA2S'fc-3;12 

= + AiS'fc_2;12 + ■ ■ • + Ai • • • Afe_2S'i.i2...(fe_l) + Ai • • • Afc-1. 

It follows from (12.21) that for A G Fm 

(2.6) S'm-l(A) > Ai • • • Am-l. 

A more general statement is also true. 

Lemma 2.1. Let 1 < k < m—1 and C {!,...,n}. Then, for every 

X G Fm, 

■ ■ ■ Xi^. I < Cn,kSk{X), 

where Cn,k depends only on n, k. 

Proof. Since k < m—1 and A G Fm C Ffe+i, the expansion formula (j2.5ll gives that 

Sk>Xi--- Afe. 


Therefore, if {ii, ...,ifc} C {1, ...,p}, i.e. Xi^ > 0 for all t = 1,..., k, then we are done 
by the arrangement (12.31) . Otherwise, without loss of generality, we may assume 
that 


For brevity we write 


Consequently, 


Aq ^ * * * ^ Ai^ > 0 > ^ A^,^. 


A — Aj^ • * * Xif^ . 


|A| — (Aij • • • Ai^)|Ai^_,_j • • • Ai^ I 


By (|2.2I) we have that the sum of any n — k oi entries Xi is positive and hence 


|AiJ < (p-k)Xk+i. 
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Note that p > m > k + 1. Thus, it follows from the lower bound for Sk that 

1^1 < 

< (n - • • • Afe 

< in-k)'^Sk{X). 

Thus, the lemma is proven. □ 


We also get an upper bound for Sm in terms of Sm-i j as follows. There exists 
9 = 9{n, m) > 0 such that for any j < m, 

(2.7) A,^^_i;,(A) > eSmiX) if A e r^. 

Indeed, by 

Sm — Sm\j XjSm — l;j 

we see that (EH) is automatically true if Sm-,j < 0. Otherwise, Sm-,j{X) > 0, and we 
can estimate as follows: 


^ Cn,m^j Sm — l’,j ■! 

where the second inequality used (j2.2p and (j2.5p . The inequality (j2.7ll thus follows. 

If m = n, then the following result is just a simple consequence of the Cauchy- 
Schwarz inequality. 

Lemma 2.2. Let a = (ai,..., a„) G R" and X G T^- Then, 

where 6 = 6{n,m) > 0 is the constant in (12.71) . 


Proof. If m = 1, then it is obvious. So we may assume that m > 2. Therefore, 
from (12.31) and (12.61) we have that 


^ Ai, Sm—l,n ^ Sm—l\n—l ^ * * * ^ ‘Sm—1;1 ^ 0- 

Moreover, by EH 

9Sm ^ AiSm—1;1- 

Hence, for m> 2, 


0 < 


Sr, 


Sm — l;ri 


< ... < 


Srr 


Sm—l\l 


< Xi/9 < Si/9, 


and therefore 
nSi 


eSr, 


E \a4Sm-i; > E ^—: E 


^.2=1 / 


m — l:i 


The lemma now follows by an application of the Cauchy-Schwarz inequality to the 
right hand side of the above inequality. □ 
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2.2. The positive cones associated with a Hermitian metric. Let w be a 

Hermitian metric on C” and let be a bounded open set in C". Given a smooth 
Hermitian (1, l)-form 7 in we say that 7 is (w, TO)-positive if at any point z G 
it satisfies 

7 ^" A > 0 for every fc=l,...,m. 

Equivalently, in the normal coordinates with respect to ui at z, diagonalizing 7 = 
Thi A dzi, we have 

A - (Al, ..., Ayj) G 

This correspondence allows to express the estimates from Section[2T]in the language 
of differential forms. First of them can be found in [^. We denote the set of all 
(w, m)-positive smooth Hermitian (l,l)-forms by or rm(u;), when the 

domain H is clear from the context. 

The inequality (EH) is equivalent to 

(2.8) (7 + 77 )™ A w”-™ > 7 ”" A w”-™ for every 7,77 e r™(a;). 

Lemma EH gives a statement important for our applications. 

Lemma 2.3. Let 7 G T^^uj) and T is a smooth (n — k,n — k)-form with 1 < k < 
771—1. Then, 

|7"AT/a;”|<C„,fe,||T|| 7 " A 

where || 7 ’|| is a uniform constant depending only on n,k and the sup norm of 
coefficients ofT. 

Proof. Fix a point P G Lt. Choose a local coordinate system at P such that 

n n 

uj — V—idzj A dzj and 7 = Xj\/—ldzj A dzj. 

1=1 1=1 

In those coordinates we write 

T = ^ TjKdzj A dzK- 

\J\ = \K\—n—k 

In what follows, the computation is performed at P. We first have 
7 '= = fc! ^ Aj^dz/A dz/. 

\I\=k,IC{l,..,n}iseI 

The nonzero contribution in 7 ^ A T give only triplets of multi-indices I, J, K C 
{ 1 , ...,77} such that 

IU J = IU K = {I,...,n}, 
and |/| = k. For such sets I, J, K, we have 

^(yZT)("-G=7feAdzjAdzK/w”= n 


n |A*J < G„,fc5fe(A) 

i„e/,|7|=fe 

= G„,fcQ7"Aa;’^-Va7”, 


By Lemma EH 
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where the constant Cn,k depends only on n, k. Taking into account the coefficients 
Tjk, we get that each term in 

AT/w"| 


is bounded from above by 

7^= A 

modulo a uniform constant Cn^k,\\T\\ = C'n.fc supj^ ||oo, where Cn,k may differ 
from the one above. Thus, the lemma follows. □ 


We need to generalise the last result to the case of the wedge product of k smooth 
Hermitian (1, l)-forms in rm(w) in place of 7 ^. To do this, fix fc < m — 2 and 
consider vectors x = (xi, ...,Xk) S [0,1]^ C The K-vector space of polynomials 
in X of degree at most /c + 1 is denoted here by Pfc+i(]R^). Its dimension is equal 
to d = We use multi-indices a = {ai,...,ak) G with the length |a| := 

cn H- otk, and ordered in some fixed fashion. The vector space Pfc+i(]R^) has the 

standard monomial basis 

{a;“ = • • • xl^ : |a| < fc -f 1} =: {ei,..., e^}, 

where d = Choose a set X = {Xi, with Xt G [0,1]^, such that the 

Vandermonde matrix 

is non singular. 

Now, for X G [0,1]^ and y = ( 70 , G hmCw), consider the polynomial 

P{x, y) = (70 -f xi 7 i H-h Xk^k f''~^ A T/w" 

=: 

|a|<fc+l 

where T is a smooth (n—fc—l,n — fc — l)-form and 

bM) = (^ + 1)' A 7 “^ ... A 7^ A T/caT 

Put T := 7 o -I- a;i 7 i H--I- xt^fk- By Lemma lOl we get that for every x G [0,1]^, 

\P{x, y)\ < a 0 ;"-'=-Vw" < C( 7 o -f • • • -f 7 fe)'=+^ A Vw”. 

In particular \P{Xj,y)\, for X = {Xi,X^} fixed above, are uniformly bounded 
by the right hand side of the last inequality. The coefficients ba{y) are computed 
by applying the inverse of V to the column vector consisting of entries P{Xj,y). 
Since V is a fixed matrix we obtain the desired bound and the following statement. 

Corollary 2.4. Fix k < m — 2. Let T he a smooth {n — k — l,n — k — l)-form. For 
7 o,..., 7fe G rm(w) we have 

I 70 A .. • A 7 fe A r/a;"| < C„^j„,||T|| (70 + • • • + 7fe)^~''^ ^^ 

where Cn,k,\\T\\ « uniform constant depending only on n,k and the sup norm of 

coefficients ofT. 

We end this subsection with the consequence of Lemma 12.21 This will be used 
later in the proof of the stability of solutions to the Hessian equations. 
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Lemma 2.5. Let tp he a smooth function and 7 S rm(w). Then, 

y/^dijj AdpjA A w"-™ 7 A ^ A dip A 0 ;”-^ 

7 m /y (^n-m ’ W” “ W” ’ 

where 9 — 9(n, m) > 0. 

Proof. It is an application of Leninia l2.2l in the normal coordinates with respect to 
w, where a = (ipi, .■.,'ipn) with ipi := dip/dzi and A is the vector of eigenvalues of 7 
in those coordinates. □ 

2.3. (w, m)-subharmonic functions. Let be a bounded open set in C". Assume 
that w is a Hermitian metric on C". Fix an integer 1 < m < n. 

In this subsection we are going to define the notion of (w, r 7 T,)-subharmonicity 
for non-smooth functions which is adapted from Blocki and Dinew-Kolodziej 
nnmi]. We refer to papers by Lu [IS], Lu-Nguyen |^, Dinew-Lu m for more 
properties of this class of functions when w is a Kahler metric. Then, we will prove 
several results which correspond to basic pluripotential theory theorems from [an]. 

A C^(n) real-valued function u is called (w, TO)-subharmonic if the associated 
form uJu ■= oj + dd'^u belongs to rm(a;). It means that 

A > Q for every A: = l,...,m. 

Definition 2.6. A n upper semi-continuous function u : LI ^ [—oo,-|-oo[ is called 
subharmonic if u € and for any collection 0 / 71 ,..., 7^-1 € rm(a;) 

(w -I- dd'^u) A 71 A • • • A 7 m-i A > 0 

with the inequality understood in the sense of currents. 

We denote by SHm{Ll,uj) the set of all (w, m)-subharmonic functions in Ll. We 
often write SHmipj) if the domain is clear from the context. 

Remark 2.7. By results of Carding ca, ifu G C^(n), thenu is {uj,nT)-subharmonic 
according to Defi,nition \2.fJ\ if and only if Wu G rm(a;). In particular, we have that 
for 71 , ..., 7 fe e rm(a;), k <m, 

71 A • • • A 7 fc A w”-”* 

is a strictly positive (n — m-\-k,n — m-\- k)-form. 

By [571 Section 4, Eq. (4.8)] given 71 , ..., 7^-1 G rm(a;) we can find a Hermitian 
metric w such that 

= 71 A • • • A 7 m_i A 

Thus, according to Definition 12.61 checking the (w, m)-subharmonicity of a given 
function u can be reduced to verifying that u is (w, I)-subharmonic for a collection 
of Hermitian metrics w. Therefore, some properties of (w, 1)-subharmonic functions 
are preserved by (w, m)-subharmonic functions. Below we list several of them and 
refer to m and [5^ for more (if the Kahler condition does not play a role). 

Proposition 2.8. Let LI be a bounded open set in C". 

(a) Ifu,vG then m.ax.{u,v'\ G SHm{uj). 

(b) Let {ua}aei C be a family locally uniformly bounded from above, 

and u := sup^ttc,. Then, the upper semicontinuous regularization u* is 
{lu, m)-subharmonic. 
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It follows from Remark [2T] (see also 0) that for any collection of C^(n) (oj, m)- 
subharmonic functions ui, ...,Uk with 1 < fc < m, 

(2.9) LOm A • • • A A w" ™ 

is a positive form. 

The above properties of (w, TO)-subharmonic functions are the same as in the 
Kahler case. However, there are differences too. If we replace the exponent n — m 
by a smaller one, then the positivity of the differential form (12.91) is no longer true 
in general. This makes computations involving integration by parts more tricky. 
Let Ml,..., Up S n C^(f2). If we write 

A * * * A ^Uj A * * * A ) 

where ji < j < jq, the symbol hat indicates that the term does not appear in the 
wedge product. Then, we have 

p 

d{ujm A • • • A Wup A w””™) = ^ dw A A • • • A A • • • A Wup A w””™ 

i=i 

+ (n — m)duj A ujui A • • • A A 

dd''{ujui A • • • A A 0;"“"") 

= ^ dd^^uj A coui A • • • A uju^ A • • • A uJu^, A 
i<i<p 

+ ^ duj A d'^uj A uJui A • • • A Wu- A • • • A uiu^ A • • • A ujup A 

+ 2{n — m) ^ dui A A A • • • A A • • • A A 0 ;"“"*“^ 
i<i<p 

+ (n — m)dd‘^uj A A • • • A A 0 ;"“™“^ 

+ (n — m)(n — m — l)duj A A A • • • A w„p A 
In those formulas forms of three types appear: 

A • • • A A Wup A 

iUui /\ ■■■ A uJup A 

A---Awu^Aa;”“™"^. 

As is not a positive (l,l)-form, these forms are not necessary positive (the 
exponent of uj is less than n — m). Therefore, in the estimates that follow, we can 
not apply directly the bounds for dd°w or dwAd^u; in terms of or as in the case 
of the Monge-Ampere equation. Fortunately, the results from previous subsections 
make the important estimates to go through if p < m — 1 (see Corollarv l2.4l) 

We are ready to prove the Chern-Levine-Nirenberg (CLN) inequality which guar¬ 
antees the compactness of a sequence of Hessian measures provided that {uj,m)- 
subharmonic potentials are uniformly bounded. 

Proposition 2.9 (CLN inequality). Let K CC U CC where K is compact and 
U is open. Let ui,...,Uk G H C'^{Ll), 1 < k < m. Then, there exists a 


( 2 . 10 ) 

and 


( 2 . 11 ) 
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constant Ck,u,u) > 0 such that 


/ A • 

■ * A ujuk Auj'^ ^ < Ck,u,uj I 

1 + 

Ik 


^ .=1 / 


Proof. Observe that by ([T 


A • • • A ujuu Aw" < k'^ { uj + dd 


,Ul 


Uk 


A w' 


i—k 


Set u:= (mi H- + Uk)/k. Thus we are reduced to estimate Auj^ where 

OJu € ryy^(w). 

We will prove it by induction in k. For fc = 1, let y be a cut-off function such 
that X = 1 on and suppx CC U. Then, 


/ w„A w" ^ < 

/ xw„ A w" ^ = 

fx^^+ f 

/a j 

’ J 

' J 


.n—1 


It is clear that f yw" < Ck,u,ui and by integration by parts we have 

J xdd'^uA = J udd‘'{xuj^~^) <CK,u,u:\\u\\L’^(^u'j. 

Thus, the CLN inequality holds for fc = 1. Suppose now that 

[ A < Ck,U,M + lkllL”(C/))' 

Jk 

We need to infer the inequality 
Jk 


\fc-i 


Indeed, as 


using the induction hypothesis it is enough to estimate the second term on the right 
hand side. The integration by parts gives 

An elementary computation yields 

A xw""'') = (fc - l)(fc - 2)w^-3 AduA d^uj A xw"”'' 

-f (fc - l)w^-2 A dd^^uj A xa;"-'= 

- (fc - l)w^-2 A A d{xuj"~^) 

-f (fc - l)w^-2 AduA d=(xa;"-'=) 

+ a;^iAd#(xw"-'=). 

Since k < m, applying Lemma 1^751 for j = uJu, we get that 

Axw”"'')| 

< Ck,u,Ml’-{u) a 0;"-'=+! + A w"-'=+2 + a w"-'=+3) . 
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This implies that | / A ^ A w” ^ | is bounded by 

Ck,u,Ml^{u) [ A + cot^ A A .."-'=+3) . 

JsuppX 

Combined with the induction hypothesis this finishes the proof. □ 

For general 1 < m < n and Hermitian metrics w, it is not known yet that any 
(w, m)-subharmonic function is approximable by a decreasing sequence of smooth 
(w, m)-subharmonic functions. Therefore we need the following definition. 

Definition 2.10 (smoothly approximable functions). Letu he an (ui^m)-subharmonic 
function in fl. We say that u belongs to Am{uj) if at each point z € there ex¬ 
ists a ball B{z,r) CC fi, and smooth subharmonic functions Uj in B{z,r) 

decreasing to u as j goes to oo. 

Now, we shall develop ’’pluripotential theory” for (w, m)-subharmonic functions 
in the class Am{oj). 

Proposition 2.11 (wedge product). Fix a ball B{zo,r) CC fl. Let ui,...,Uk S 
SHmipj) ^C{B{zQ,r)), 1 < k < m. Assume that there exists a sequence of smooth 
{uj, m)-subharmonic functions u\, decreasing to ui,...,Uk in B(zo,r), respec¬ 

tively, then the sequenee 

(w + dd‘^u{) A • • • A (w + dd^ui) A 

converges weakly to a unique positive current, in B{zo,r), as j goes to +oo. 

Proof. Thanks to Corollarv l2.4l and the CLN inequality lProDOsition l2.9l) . the proof 
is a standard modification of the Bedford and Taylor convergence theorem [3 [3]. 
For notational simplicity we only give it in the case k = m, Ui = ... = Um = u 
and u{ = ... = ui,, = =: uj. The general case follows by the same method. Set 

B := B(zo, r). Since u is continuous on B, it follows that uj —>■ u uniformly on that 
set. Hence, ||uj||oo is uniformly bounded, where we denote here and below 

ll-lloo := sup|.|. 

B 

For any compact set K C B we have 

/ c.™ A a;"-™ < Ck,b,M + 

Jk 

by the CLN inequality fProposition 12.91) . Therefore, the sequence 

j>l, 

is weakly compact in B. It implies that there exists a weak limit fi upon passing 
to a subsequence. 

It remains to check that every weak limit is equal to p,. Suppose that {vj}ffi 
and {wj}'jLi are two decreasing sequences of smooth (w, m)-subharmonic functions 
converging to it. Since the statement is local we may assume that all functions 
are equal near the boundary of B (see E1I2I]). We need to show that for any test 
function y e Cf^iB), 
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as j —>■ + 00 . Since u is continuous on i?, it follows that both {vj} and {wj} 
converge uniformly to u on that set. Hence, Hiijlloo, |l'uij||oo are uniformly bounded. 
By integration by parts we have 

Aj:= f xdd'^ivj -Wj) ATj = [ (vj - Wj)dd‘^{xTj), 

Jb Jb 

where Tj = ^ ^ a;"”™. From Corollarv l2.4l and the above proof 

of the CLN inequality we get that 


Aj < \\vj - w 


J lloo 


\\dd%xm, 


where the last integral is controlled by 

^^(i + ihiioor-'(i + ik,iioor-'. 

Therefore, we can conclude that limj^+oo Aj = 0, and thus the result follows. □ 

Corollary 2.12. Let ui,...,Uk & Am{<^) H C'(H), 1 < fc < m. Then, the wedge 
product 

A • • • A A w””™ 

is a well-defined positive current of bidegree (n — m k,n — m k). In particular, 
for u G Am{u!) n C{n), the current 

ioff A w"-”" 

is the complex Hessian operator ofu, which is a positive Radon measure in LI. 

2.4. The comparison principle and maiximality. Let H be a bounded open 
set in C". Given w a Hermitian metric there exists a constant > 0, which we 
fix, satisfying in LI 

(2.12) — < 2ndd‘^uj < B^uj"^, —B^oj^ < 4n^duj A d'^uj < B^iUj^■ 

Thanks to Lemma [2.31 and Corollary 12.41 the proof of [22l Theorem 0.2] can be 
adapted to Hessian operators and as a consequence we get the following domination 
principle. 

Proposition 2.13. Let u,v G Amii^) H C{Ll) be such that u > v on dLl. Assume 
that (w + dd^u)'^ A w"”™ < (w + dd^^v)"^ A . Then u>v onLt. 

Proof. See [22l Corollary 3.4]. We remark here that if u,v belong to C‘^{Ll), then 
the corollary can be proven simply by using the ellipticity of the Hessian operator 
[71 Lemma Bj. □ 

The above proposition shows that if m G Ami^^) H C{Ll) and w™ A a;""'" = 0, 
then it is maximal in Amit^) H C{L>.). We shall see that a stronger result is true. 
First, we recall a couple of facts from classical potential theory. For a general fixed 
Hermitian metric 7 in C” and a Borel set FI C H we define 

C-f{E) = sup I J dd^w A 7 "”^ : re is 7 — subharmonic in H, 0 < re < l|. 

Proposition 2.14. Every x—subharmonic function u is quasi-continuous with re¬ 
spect to the capacity C-^, i.e. for any £ > 0, there exists an open set U C LI such 
that C-fiU) < £ and u restricted to LI \U is continuous. 
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Lemma 2.15. Every subharmonic in a neighbourhood of the closure ofQ is the 
limit of a decreasing sequence of smooth 'y— subharmonic functions, in Q. 

Next, we strengthen the domination principle. It is usually applied locally, so 
we formulate it for being a ball. 

Theorem 2.16 (maximality). Let denote a ball and let v G SHm{oj) fl L°°(n). 
Letu G Am{uj)r\C{fl) be the uniform limit of{uj}fLi C SHm{uj)r\C°°(LI). Suppose 
that G := {u < u} CC fl. If w™ A w"”"* = 0 on G, then G is empty. 


To prove the theorem, we need the following result. 


Lemma 2.17. Fix 0 < e < 1 and the constant in (12.1211 . Let v G SHm{oj) n 
L°°(fl), with fl denoting a ball. Assume C SHm{io) (h G°°{fl) converges 

uniformly to u as j ^ oo in SI. Denote S{e) := info[M — (1 — £)n] and U{e,t) := 
{m < (1 — s)v + S{e) + t} for t > 0. Suppose that U{e,to) CC SI for some to > 0. 
Then, for 0 <t < min{£^/16i?cj, fo} 


£ [ oj: 

JU{e,t) 


A 





where G is a uniform constant depending only on n,m,B,^. 


Proof. By Corollarv l2.121 it is enough to show that 

£ [ A <(! + —)/ w™ A 

JuEep " JuEep ' 


where Uj{e,t) is the sublevel set corresponding to uj and v defined as above. In 
other words, we only need to prove the lemma under the assumption that u is 
smooth and strictly (w, m)-subharmonic, i.e. uju G rm(w) (achieved by considering 
the sequence {1 — l/j)uj, j > 1). 

Moreover, since £ 0 ;™“^ A 0 ;"“™+^ < A A 0 ;”“™, it suSices to prove 


that 

(2.13) 


' U{e,t) 


^{1-ey 


Awr-^ Aw”-’" 


Ct, 

<(1 + ^) 


w!” A 


U {e,i) 


Since w™ ^ A w"' > 0, applying [571 Eq. (4.8)] we can write 

(2.14) 7 "-i := A w"-’" 


for some Hermitian metric 7 . By the definition of an (w, m)-subharmonic function, 

A 7 ”-^ > 0. 

Solving the linear elliptic equation we can write w A 7 "“^ = dd’^w A 7 "“^ for some 
smooth 7 —subharmonic function w in S7. Therefore, if we set v := v-\-w, then is a 
7 -subharmonic function. Having this property we can use the proof of [2l Proposi¬ 
tion 3.1] and the quasi-continuity of v (equivalently that of v), from ProDOsition l2.14l 
to get that 


f dd‘’(l —£)nA7” ^ / dd^wAy” ^-|- f [{l — e)v + Se+t — u]dd‘^^ 

It implies that 

(2.15) [ A 7 "-^ < [ A 7 ”“^-H t /" Udd^’y” 


'C^,n— 1 
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where \\dd‘^'y'^ ^|| is the total variation of Furthermore, we can use 

Lemma [231 to bound from above by 

R := A A a;"-’"+2 + oj^-^ A 0 ;’"-™+^), 


where C depends only on X,oj, n,m. Therefore, the inequality (12.131) will follow if 
we have that 

/ R<-^[ w-Aw— 

for every 0 < t < min{£^/16i?cj, to}- Writing at ■= Aw””*, for 0 < A: < to, 

we need to show that 

Cdjn 

ak < ——. 

g.m 

As in [221 Theorem 2.3] we shall verify that for 0 < t < (5 := min{e^/16B,j, to}; 

eofe < Ofc+i + SBi^{ak + dk-i + ak-2), 

where we understand Ofc = 0 if fc < 0. Indeed, since u is smooth and strictly 
(w, TO)-subharmonic, the inequality (I2.15p applied for 7 ^”^ := A 0 ;"“^“^ > 0, 
0 < k < m — 2 (see (12.141) 1. gives that 

[ a;(i_e)„ A 7”"i < / a;„A7”“^+t/' ||d(t‘=7”“i||. 

By (12.111) . (12.121) and Lemma [231 we have 

/ ^\\ B^{akdk-i + ak-2)- 

J U (e,i) 

Moreover, since v is a bounded (a;, m)-subharmonic function, one also has 

e[ a;A7r'</ W(i-e).A7r'- 

Combining last three inequalities we get that for 0 < t < 5, 
eak < dk+i + SB^{ak + ak-i + 0 ^- 2 ). 

Thus the proof of the lemma follows. □ 


Proof of Theorem, \2.16[ Suppose that {u < i;} is not empty, then for £ > 0 small 
enough, we have {u < (1 — £)v + infQ[w — (1 — £)r;] + t} C {m < i;} for any 
0 < t < Iq, where to > 0 depends on u,v,£. Applying Lemma [2.171 we have for 
0 < t < min{£™+^/16i3ij,to} 

£ [ A 0 ;"-'"+! <C [ A w""’” = 0, 

where C is independent of t. Therefore, = 0in[/(£,t) for 0 < t < ti, 

where ti := min{£'"+^/16i3(^, to}. Thus we can iterate this argument to get that 
A = ... = a;” = 0 in U{e, ti). This is impossible and the proof of the 

theorem follows. □ 


Remark 2.18. The statement of Theorem \2.16\ holds true if we replace Q by a 
compact Hermitian manifold, with the same proof modulo obvious modifications. 

We end this subsection by proving a volume-capacity inequality which corre¬ 
sponds to the one in m- This inequality was the key ingredient to study local 
integrability of to— subharmonic functions. 
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Definition 2.19 (capacity). For any Borel set E C il, 

capm,uj{E) := sup (w + dcFv)™' A : v £ Am{'^) H C{Vl), 0 < u < 1 

Lemma 2.20 (local volume-capacity inequality). Let 1 < r < n/(n — m). There 
exists a constant C = Cir) such that for any Borel set E C LI, 

VUE) < C[capm,UE)V, 

where Vui{E) := /gW". 

The exponent here is optimal because if we take lu = dc?°|zp, then the explicit 
formula for capm{B{0,r)) in 12 = B{0, 1) with 0 < r < 1, provides an example. 

Proof. From m Proposition 2.1] we know that Kj(i?) < C[capm{E)]'^ with 
capm{E) = sup{ f {ddLw)'^ A w"”™ : w £ Am H (7(12), 0 < lu < 1}, 

J E 

which is the capacity related to m — w-subharmonic functions in 12 and the class 
Am consists of all m — w-subharmonic functions which are locally approximable 
by a decreasing sequence of smooth m — w-subharmonic functions in 12. Note 
that the argument in m remains valid for non-Kahler uj since the mixed form 
type inequality used there still holds by stability estimates for the Monge-Ampere 
equation. 

Therefore, the proof will follow if we can show that capm{E) is less than capm,bj{E). 
Since oj is globally defined there exists a constant C > 0 such that 

—dd'^p < ljj < Cdd'^p, 

o 

where p = jzp —A < 0. We can choose C such that \p/C\ < 1/2. Take 0 < w < 1/2 
a continuous m — w-subharmonic in Am , then it is easy to see that 

f (dd"u;)™ A w”-’" < / (u + dd^{w-<capm,UE)- 

Hence, capm{E) < 2'^capm,u){E). □ 

3. Hessian equations on compact Hermitian manifolds 

In this section we study Hessian equations on a compact n-dimensional Hermitian 
manifold (A, w). To do this we need first to transfer the local results from the 
previous section to the manifold setting. Then we apply them to prove results on 
the existence and stability of solutions of Hessian equations. Finally, we prove that 
every (w, TO)-subharmonic function can be approximated by a decreasing sequence 
of smooth (w, m)-subharmonic function on X. This allows to replace assumptions 
on AmU) by just SHmU) in statements. In what follows we use our notations as 
in [111113], we write Li(w”) ior L^{X,ujU, IMlp := ||■||LP(x,l.,;") and ||.||oo := sup^ j.j. 

3.1. Pluripotential estimates for (w, m)-subharmonic functions. Fix an in¬ 
teger 1 < TO < n. By means of partition of unity we carry over the local construction 
from Section [5] onto the compact Hermitian manifold X. 

Definition 3.1. An upper semi-conitnuous function u : A —> [—oo,-|-oo[ is called 
subharmonic in X if u £ L^(u>^) and u £ SFIm(U,uj) for each coordinate 
patch U CC A. 
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We denote by SHm{X,oj) or SHm{oj) the set of all (w, m)-subharmonic func¬ 
tions in X. Similarly, we say that u G if m G SHm{uj) and there exists a 

decreasing sequence of smooth (w, m)-subharmonic functions on X which converges 
to u (globally). So, if u G then for any coordinate patch U CC X we have 

u G Am{U,u}). Thus the properties of AmiU,u}) (e.g. Proposition 12.81 Hessian 
measures, the Bedford-Taylor convergence theorem, etc.) are also valid for Am{‘-^)- 
Below we state several results which are analogues of those from [9]. We omit 
the proofs which are similar and require only the local properties. 


Proposition 3.2 (CLN inequalities). Let (/3i,..., (/?„ G .Am(w) fl C'(X) and 0 < 
ipi,ifm < 1. Then there exists a uniform constant C > 0 such that 

[ w”-™ < C. 

Jx 

The following lemma seems to be classical (see e.g. Hormander’s book m)- 


Lemma 3.3. Let ip G SHm{uj) with supj^ ip = 0. There exists a uniform constant 
C = C{X,oj) > 0 such that 


Iw" < C. 


Jx 

Consequently, the family {ip G SHm{oj) '■ sup^ p = 0} is compact in SHm{uj) with 
respect to L^topology, i.e. for any sequence pj G SHm{uj) with sup^ Pj = 0, 
j > 1 , there exists a subsequence {pj^} such that pj^, converges to p € SHmipj) as 
jk -A -foo in L^(a;"). 


Proof. The first part is from [3ll Section 2, p.8], where the proof used only the fact 
that is a smooth (w, l)-subharmnic function, i.e. 

ndd^^p A jhA > —n, 

coupled with the existence of Green function for the Gauduchon metric in the 
conformal class of uj. Since every (w, l)-subharmonic function is approximated by 
decreasing sequence of smooth (w, 1)-subharmonic functions, so we get the state¬ 
ment for general (w,m)- subharmonic functions. The second part follows from 
Proposition 12.81 and requires only properties of (w, 1)-subharmonic functions. □ 


The estimates of the decay of volume of sublevel sets follow directly from Lemma l373] 
We use the notation 

V^{E) := [ cu”. 

J E 

Corollary 3.4. Let p G SHm{iv) with supj^ p = 0. Then, for any t > 0, 

V^{{p < -t}) < C/t, 
where C > 0 is a uniform constant. 

Following and [20] we define the capacity related to the Hessian equations. 
Definition 3.5 (capacity). For a Borel set E C X 

capm,u>iE) := sup{ / ^ w""™ : p G Ami^j) G C{X), 0 < p < 1}. 

J E 

Then, as in the local case, we have the estimate with the sharp exponent. 
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Proposition 3.6. Fix 1 < r < n/(n — m). There exists a uniform constant 
C = C{t, X,uj) >0 such that for any Borel set E C X, 

VUE) < C[capm,UE)V- 

Proof. The basic idea is from m- Surprisingly, it is enough to use the estimates for 
the Monge-Ampere equation to obtain a sharp bound related to capacity defined 
in terms of more general Hessian equations. One could infer the statement from 
the local counterpart, but due to the difficulties with approximation by smooth 
(w, m)-subharmonic functions that approach would be more technical than a direct 
proof (like [IS] in the Kahler case). This requires the estimates in the Hermitian 
setting [22|. 

Without loss of generality we assume that 14; (A) > 0. Denote by 1e the 
characteristic function of E. By [22l Theorem 0.1] we can find a continuous w- 
plurisubharmonic function u on A with supj^ u = Q and a constant b > 0 solving 

< = b Ieuj^. 

Set p = > 1. We will need the lower bound for L^-norm of bl^- 

Fact. There exists a uniform constant cq > 0 depending on X,u},p such that 

11^ IeIIp > Cq. 


Indeed, suppose that it were not true, then there would be a sequence of Borel sets 
{Ej}jT^ that 

1 > ||6i lUj lip \ 0 as j-)>+ 00 . 

By [22l|23] we know that for 0 < t < tmin {tmin > 0 depending only on A, w) 

en{t)<c\\b,iEUi<c\\b,iE,h\o. 

where the function h{t) is the inverse function of K(t) defined in Theorem 5.3]. 
This leads to a contradiction for a fixed t = tmin- 

Thus, by a priori estimates for Monge-Ampere equations [22l Corollary 5.6] we 
have 

(3.1) lliilloo < C\\blE\\f = CU/UVUE)]^'^^- 

We observe that by the proof of [551 Proposition 1.5] for —1 < re < 0 



where C = (7(A, w). Hence, there exists 0 < 5 = S{X,uj) < 1 such that if ||u||oo < S 
then fx^u ^ Vi^{X)/2, i.e. b > Va,{X)/2Va,{E). Now we consider two cases. 

Case 1: If ||w||oo > S, then, by (13.11) 


(3.2) 


Iklloo + 1 < (C + C/S) bVuvUE)]^/p^. 
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The mixed form type inequality [28l Lemma 1.9] gives w™ A w” ™ > V^I'^Xe- 
Hence, by definition of capacity we have 

capmAE) > ., ,|/|| f A + d(FuA A w””™ 


> 


> 


(1 + Halloo)’” Je 

b^l^VAE) 

[vAE)Y-^/p'^ 
A ’ 


where we used (IQ) for the last inequality and Ci = {C + CjSy^. Therefore, we 
have 

VAE) < 

Plugging the value of p = AjA) gives the desired inequality. 

Case 2: If ||u||oo < ^ < 1, then b > V^{X)/2VAE). Again, by definition we 
have 


capjnAE) > / A w’' 
Je 


> / b^lEUj'^ 

J e 


> 






It implies that 14; (A) < C[capm,LuiEAEn ™)_ Thus we complete the proof. □ 


Let us recall that, by the definition, the constant B > 0 satisfies on X 
(3.3) — BA < 2nd(Buj < BA, —BA < XAdoj A d‘^uj < BA. 


For general Hermitian metric w the Hessian measures do not preserve the volume 
of manifold, so the classical comparison principle mn] is no longer true (see 0). 
However, a weaker form will be enough for several applications as it is proven in 
[22l[23]. We state below the analogue for Hessian operators. 


Theorem 3.7 (weak comparison principle). Let pA ^ AAA LI C(X). Fix 0 < 
£ < I and use the following notation S{e) := mJx[p ~ (1 “ AA\ Ui^js) := 
{p < (1 — £)'(/' + S{e) + s} for s > 0. Then, for 0 < s < e^/l6B, 


Ju{e,s) ^ Jv 


U{e,s) 


A ^ ^ 


where C > Q is a uniform constant depending only on n,m,uj. 


Proof. It follows from the argument in [2H Theorem 0.2] with the aid of Corollary 

O □ 


Thanks to the weak comparison principle we can estimate the rate of the decay 
of capacity of sublevel sets not far from the minimum point. 
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Lemma 3.8. Fix 0 < e < 3/4 and Eb '■= ^ Consider S 

Amii^)CC{X) with If <0 and With t/(e, s) defined as in the previous 

theorem, for any 0 < s,t < eb, we have 

(3.4) t^capmAU{e, s)) < C [ A a;"”™, 

where C > 0 depends only on X,uj. 

Proof. See the arguments in [221 Lemma 5.4, Remark 5.5] by using the above weak 
comparison principle (Theorem [321). 


The preparations above were needed for the proof of a priori estimates for solu¬ 
tions to Hessian equations with the right hand side in L^, p > n/m. We follow the 
method from [191 HO] with small variations. 


Lemma 3.9. Under assumptions and notations of Lemma \ 3.A Assume further¬ 
more that 

A w"-™ = /w" 

for f G LP{u!'^), p > n/m. Fix 0 < a < . Then, there exists a constant 

Col = C{a,uj) such that for any 0 < s,t < Eb, 


t\vAU{E,s))]^ <Co\\f\\k [vAu{E,s + t))y^, 

where t = ^ n/{n — m). 

Proof. It is elementary that 


(3.5) 


0 < a < 


p - — 

rr? 




(1 -|- ma)p 

<T = - - AT. < 


p{n — m) p—1 p—1 n — m 

By the volume-capacity inequality (Proposition 13.61) and Lemma [3.81 we have 


r [VAU{e,sW < Co capmAU{e,s)) < Co ■ C [ /w”. 

J U (£,S+t) 


The Holder inequality implies that 

[VAU{e, s))]^ < C„||/Ilp [VUU{e, s + t))]A^ . 


Taking to— th root of both sides and plugging the value of r we get the desired 
inequality. □ 


Thanks to this lemma we get a uniform estimate for the solution of Hessian 
equations with L^, p > n/m control of the right hand side. 

Theorem 3.10. Fix 0 < e < 3/4 and Eb '■= | minle"*, Let f,ip€ AmA) 

C{X) satisfy —1 < tp < 0 and f < 0. Assume that 

w™ A w”-’" = /w” 

with f G LP{ujA,P > n/m. Put 

U (e, s) = {v? < (1 - E)ip F inf [(/? - (1 - e)V’] + s}, 

and fix 0 < a < ■:^jpfrn)’ there exists a contant Co = C{a,uj) such that for 

0 < s < Eb, 

S<Wo\\fW [K;(C/(£,s))]^, 

where r = 
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Proof. First, for 0 < a < f ™ , we define 

■ p{n—m) 

a{s) := [Vu,{U{e,s))]^, C := CMp. 

It follows from Lemma [3.91 that for any 0 < s,t < Eb, 

(3.6) ta{s) < C [a{s + . 

The function a(x) satisfies 

(3.7) lim a{x) = a{s) and lim a{x) =: a{s~^) > a{s). 

x—>s~ rc—>-s+ 

To finish the proof, we shall show that for any 0 < s < Eb 

2l+n 


S < 


C[a{s)Y 


2ma _ ^ 

The argument is similar to the proof of |221 Theorem 5.3], however here it is simpler, 
so we include the proof for the sake of completeness. 

Fix sq := s € (0, Eb)- Let us define by induction the sequence Si,i > 1 as follows. 

(3.8) Si := sup{0 < X < Si-i : a(si_i) > 2a{x)}. 

Since a(0) = 0 and a{x) > 0 for a; > 0, it follows from the first equality in (13.711 
that 

So > Si > • • • > Si \ 0 as i —>■ +00. 

(If a(0+) > 0, then sjv = sw+i = • • • = 0 for some I < TV < +oo.) By (13.71) and 
the definition (13.81) we get that 

2a(si) < a(si_i) < 2a(s+). 

Hence, by (13.61) . 

Si_i - Si = lim (si_i - x) < C'[a(si_i)]^+™“/a(s+). 


It follows that 


Thus, 


s,_i - s, < 2C'[a(s,_i)]™“ < 2C(I/2’-“)[a(s,_2)]™ 

< ■ ■ • < 

< 2C'(I/2’"“)*-i[a(so)]’' 

oo oo 

s = Y.is ^-1 - s,) < 2i+™“C'^(I/2-“)*[a(so)]" 


2=1 


2=1 

ol+ma^ 

It-T[a(s)]' 

QrnoL _ 1 L ^ 


This completes the proof. 


□ 


From the statement of Theorem 13.101 we can derive the uniform estimate by 
taking e = 1/2 and i/; = 0 and combining it with the estimate of the decay of 
volume of sublevel set ('Corollarv l3.4D . Thus we get that if w™ A = /w” with 

0 < / G L^(a;"'), p > n/m and p is normalized by supjj-= —1, then for any 
0 < s < Eb 


s < 




(p-l)c > 

— infx ip — sj p(i+™a) 
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where 0 < a < f ™ - is fixed. It leads to 

p(l + m.a) 

(3.9) ll<^l|oo<C||/||p"*'^^, 

where C = C{a,p,uj,X). Note that here we have used the fact that there exists 
a uniform lower bound for ||/||p similar to the one in [22l[23]. Though this case is 
simpler. Indeed, it follows from Theorem 13.101 that for s = 

This gives an explicit bound. 


3.2. Existence of weak solutions and stability. The existence of weak solu¬ 
tions to the Monge-Ampere equations on compact Hermitian manifold has been 
obtained recently in where the technique is quite different from [^. We will 
adapt those techniques to the Hessian equation. 

Let us start with a quantitative version of [HI Corollary 5.10] (see also [TTl 
Theorem 3.1] for the similar result in the Kahler case). 


Theorem 3.11. Let u,v G Am{^) H C{X) be such that supj^ u = 0 and v < 0. 
Suppose t/iat = /w”, where f G LP(w"),p > n/m. Fix 0 < a < ■ 

Then, 

sup{v -u)< ClKu - M)+liy“^ , 

X 

where the constant a = 1/p* + m{m + 2) + (m + 2)1 a, and C depends only on 
a,P,uj, WfWp and l]z)l|oo. 

Proof. By the uniform estimate (EH) II m||oo is controlled by ||/||p. After a rescaling 
we may assume that ||m||oo, ll'i'lloo < 1- We wish to estimate —S := supxi'a — u) > 0 
in terms of ||(ti — u)+||i as in the Kahler case [20] . Suppose that 

(3.10) ||(^-zi)+||i<e“^* 

for 0 < £ << 3/4 and a > 0 (to be determined later). Let 

his) := is/ACMp)i 

be the inverse function of 4Ca||/||^s“ in Theorem 13.101 Consider sublevel sets 
U{e, t) = {u < {1 — e)v -I- -I- t}, where = infx(ti — (1 — £)^’]. It is clear that 

S-e<S,<S. 


Therefore, [/(£, 2<) C {m < u -I- ^ -I- £ -|- 21}. Then, {v — u)+ > |5'| — £ — 21 > 0 for 
0 < 1 < £_b and 0 < £ < |S'|/2 on the latter set (if IS”! < 2£ then we are done). 

By Lemma 13.81 and the Holder inequality, we have 


capm,uiUie,t)) < 


C 


C 


L„.2t) ~ t” Jx (|S| - E - 




< 


c\\f\U 


1™(|S'|-£-21)i/p* 




Moreover, by Theorem 13.101 


Ht) < [14;({7(£,l))]i <Ccapm,i2jiU{e,f)), 
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where t = (1 + ma)p* and C also depends on a. Combining these inequalites, we 
obtain 

Therefore, using (13.101) . 


Recall that £b 


liS"! < £ + 2t + 


( cWfWp 


— u) 


+lll 


^ 3£ T 


(cm^ 


i min{£™, So, taking t = EbI^ > £’”+^ we have 


h{t) 



1/a 


> 


(j^(m+2)/a 



If we choose a = 1/p* + m{m + 2) + (m + 2)/Qf, then 

j ^m{m+2) + {rn+2) / 

Hence [S’! < Ce with C = C{a,p,uj, ||/||p). Thus, 

sup(p — u) < CIKu — u)+\\/°'^ . 

X 

This is the stability estimate we wished to show. □ 

Applying the above theorem twice we get the symmetric (with respect to u and 
v) form of this result. 


Corollary 3.12. Fix Of > 0 and a > 0 as in Theorem \3.11\ . Suppose that u,v G 
Am(^) n C{X), normalized sup^ u = sup^ v = 0, satisfy 

m A n—m r n m a n—m n 

A w = guj , 

where 0 < f,g G LP{ui'^), p > n/m. Then, 

||w-'c||oo < C\\u-v\\/°'^ , 
where C = C{a,p, ||/||p, || 5 ||p,X,w) > 0. 

On compact non-Kahler manifolds we can only expect to solve the Hessian equa¬ 
tion up to multiplicative constant on the right hand side. One needs to know that 
those constants stay bounded as long as the given functions on the right hand side 
are bounded in L^. 


Lemma 3.13. Suppose that u G SHm{oj) O C°°{X) satisfies 

m A n—m r n 

A w =cfw , 

where / G p > n/m, and /w" > 0. Then, 

^min ^ C ^ 1 /£min 

for a uniform constant Cmin = C'dI/llpi Ai, w) > 0. 

Proof. It is a consequence of mixed form type inequality and the a priori estimate 
in Theorem 13.101 The proof is similar as for the Monge-Ampere equation 
Lemma 5.9]. □ 
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Thanks to the work of Szekelyhidi [30] and Zhang m, the Hessian equation 
has a smooth solution when the right hand side is smooth and positive. Using 
approximation procedure as in |55| and the stability (Corollary 13.121) we get the 
following existence result. Note that the solution is obtained as a uniform limit of 
a sequence of smooth functions, therefore it automatically belongs to 

Theorem 3.14 (existence). Let 0 < / £ LP{u!'^),p > n/m satisfy fuj'^ > 0. 
There exists u £ .Am(w) r\G{X) and a constant c > 0 satisfying 

{lu + dd%r A w”-™ = c/w". 

Remark 3.15. As in |28j . it follows from the weak comparison principle (Theo¬ 
rem that the constant c > Q is uniquely defined by f. 

By adapting the method in [55] we get the following stability statement for the 
Hessian equation on compact Hermitian manifolds. 


Proposition 3.16. Suppose that u,v G SHmipj) fl C°°{X), sup^ u = sup^ z; = 0, 
satisfy 

UJu — J to , LO^ /\UJ — guj , 

where f,g G LP(uj'^), p > n/m. Assume that 

/ > Co > 0 

for some constant cq. Fix 0 < a < Then, 

llu-ulloo < C\\f-g\\l 

where the constant C depends on co,a,p, ||/||p, ||(/||p,w,X. 

Proof. The proof follows the one in Theorem 3.1] with the difference that we 
need here the smoothness assumption on u, v in order to use the mixed form type 
inequality m- This inequality is likely to be true in general setting (see [2T1|28]), 
but at the moment we do not have it. In Section |2l we have provided estimates for 
elementary symmetric functions which are needed to make the arguments in |23j 
go through. We only point out where those arguments should be modified. 

Note that now both / and u are smooth. Use the notation 

m—1 

p-.= u-v and ^ Aw”-™. 

k=0 

By Corollary 12.41 we still have for a continuous function zc > 0 on X and a Borel 
set E c X, that 


wdd^T 


< C'||zz;||icx,(^)(l + ||zz||oo)™(l + ll^^llc 


JE 

So the inequality [23l eq. (3.16)] is valid. Next, the inequality corresponding to the 
one in the proof of |23l Lemma 3.6] has the following form: 

uju A A dp A A w”"™ ^ w™ A w””™ 9y/^dp A dp A 

where uJu G T^. This is exactly the content of Lemma 12.51 applied for ■j = cou and 
p. There is an extra constant 9 > 0 here, but it causes no harm as it only depends 


on n, m. 


□ 
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3.3. Approximation (w, m)-subharmonic functions. We are going to show the 
approximation property for (w, TO)-subharmonic functions on X for every 1 < m < 
n. The case m = 1 is classical. The case m = n, i.e. for quasi-plurisubharmonic 
functions, is a result due to Demailly (see [6] for a simple proof). When w is Kahler 
the approximation property for (w, m)-subharmonic functions has been recently 
proven by Lu and Nguyen [26]. They use the viscosity solutions and ideas from 
|4] and [13j . By a similar approach, but without reference to viscosity solutions, 
we generalise the approximation theorem in |26j to the case of general Hermitian 
metric w. 

The following theorem is essentially contained in the work of Szekelyhidi m- 

Theorem 3.17. Let H be a smooth function on X. Then, there exists a unique 
u S SHm{oj) n C°°{X) solving the Hessian equation 

( I jc \m A n—m ^u-\-H n 

[uj + da u) Aw = e ui . 

Proof. The uniform estimate follows from the maximum principle. We claim that 
there exists a constant C = C{H,uj) such that 

lklloo<a 

Indeed, suppose that u attains maximum at x £ X. Then, dd‘^u{x) < 0. Hence, at 

X 

^u{x)+H{x) ^ ^ ^ ^ 

It implies that Similarly, 

Lemma 3.18 (the Hou-Ma-Wu Laplacian estimate). We have 

sup |99 m| < (7(1 + sup I Vu|^), 

A A 

where the constant C depends on ||u||oo, w, i7. 

Proof. We follow the proof in [3D| which generalised the result of Hou-Ma-Wu m 
to Hermitian manifolds. We only need to adjust our notation to the one in m- 
Write 

w = \/—1 u).jf^dzj A dzk. 

Let (w^^) be the inverse matrix of (w^^) and consider 

^ io^P{Lo^p + Uip) =: oj^^gip. 

Then, the equation is equivalent to 

F{A) =u + H, 

where 

IP(A) = log5,„(A([A*^])), 

with Sm denoting the elementary symmetric polynomial of degree m. Without loss 
of generality we may assume that zq is the origin 0 and the coordinates z are chosen 
as in [301 Section 4]. 

From now on we use the notation and the computations in [301 Section 4] with 
a = X = ^- Since ||u||oo < C, where C is a uniform constant and w is a positive 
form, then u = 0 is the subsolution in the sense used in [30] . When the right hand 
side is independent of u the proof is given in |30j . A small modification is required 
for the present case. As the equation is now 

F{A) =u + H, 
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the computations will change accordingly at each step. We need to use the differ¬ 
entiation at 0 to get 

Up + Hp = 

mi + H,i = FP^’^^gpgig^n + F’^’^g.^i- 

Since F = Y^ F^^ > r and un is controlled by Ai > 1, the second equation above 
is enough to get the inequality (81) in [50] : 

F’^^Kmk > - 2i^'='=i?e(5fcn^) - C^XiF. 

Again, if we replace hp there by Up + Hp, the inequality (95) in [30] holds true: 

F'^'^UpmuUp > -CuKF- eiF^^Xl - C,,FK. 

The rest of the proof is unchanged. So we get the lemma. □ 

Thus, we have proven the Hou-Ma-Wu type second order estimate which enables 
us to use the blow-up argument, due to Dinew and Kolodziej [TO], to get the gradient 
estimate (see also its variations by Tosatti-Weinkove [53] and by Szekelyhidi [50]'). 
Consequently, we also get a priori estimates for \ddu\. Then, estimates follows 
from the Evans-Krylov theorem, see e.g. [35]. By bootstrapping arguments we get 
C°° estimates for the equation. 

Finally, the existence follows by the standard continuity method through the 
family 

log«Acc"-™/cc") = nt + tiT 

for t S [0, 1]. The uniqueness is a simple consequence of the maximum principle. □ 

We also need the existence and uniqueness of weak solutions of the Hessian type 
equation. We refer to [28] for more details about weak solutions to this equation 
in the case m = n. 

Theorem 3.19. Let 0 < / G L'p{uj’^), p > n/m be such that /w" > 0. Assume 
that {/j}j>i are smooth and positive functions on X converging in LP{uj’^) to f as 
j —>■ -1-00. Assume that Uj € SHm{vj) D C°^{X) solves 

(3.11) Aw"-"* = 

Then, Uj converges uniformly to u G Am(aj) H C(X) as j —>■ -too, which is the 
unique solution in Am{aj) D C{X) of 

(3.12) w7 A w"-"* = e"/w". 

Proof. Set Alj := sup^ Uj. Using the argument [551 Claim 2.6] we get that Mj are 
uniformly bounded. Set Uj := Uj — Mj. The equation (13.111) reads 

wJT, A w"-™ = 

Then, {uj}jm i® relatively compact in L^(a;") ('Lemma 13.31) . Passing to a subse¬ 
quence, still writing Uj, we obtain a Cauchy sequence in L^(w"). By Corollarv l3.12l 
it follows that {uj}j> is a Cauchy sequence in C{X). Therefore, it converges uni¬ 
formly to a solution u G Am{<^) of w™ A w"”"* = fu, where M = lim^ M. 

Rewriting u = u + M we get that Uj converges uniformly to u which satisfies 
w7 Aw"-™ = e“/w". 

By the weak comparison principle (Theorem 13.71) the equation (13.121) has at 
most one solution in Ami^j) (~)C(Ar) (see e.g. [55] Lemma 2.3]). Thanks to this, we 
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conclude that the sequence Uj converges uniformly to the unique solution u because 
every convergent subsequence in L^(w") does. □ 

We are ready to prove the main result of this subsection. 

Lemma 3.20 (approximation property). For any u € SHm{X,uj) there exists a 
decreasing sequence of smooth subharmonic functions on X converging to u 

point-wise. In particular SHmiX,uj) = Am(X,uj). 

Proof. The general scheme is borrowed from Berman [4] , Eyssidieux-Guedj-Zeriahi 
[l.Sj (used also in [26jl. However, to make the argument work we have to employ 
results which allow to extend the proof from the Kahler context to the Hermitian 
one. 

Take u an (w, m)-sh function. As max{M, —j} € SHm{uj) for any j > 1, without 
loss of generality we may assume that u is bounded. Suppose that u < h € C°°(X), 
where the function h may not belong to SHm(oj). Consider the largest (a;,m)-sh 
function h which is smaller or equal than h. The function h can be obtained by 
taking upper semicontinuous regularization of 

sup{u £ SHm{ai) n L°°{X) : v < h}. 

Then, it is clear that h is a. (w,m)-sh and u < h < h. We are going to show that 
h can be approximated by a decreasing sequence of smooth (w, m)-subharmonic 
functions, i.e. h £ Am{aj). Once this is done, we also obtain u £ Amioj) by leting 
h \ u and choosing an appropriate sequence of approximants of h\u. 

Since h £ C°°{X), we can write w™ A = Fw" with F being a smooth 

function on X. We take the non-negative part F^, = max{F, 0}, and then a smooth 
approximation of it to obtain non-negative and smooth function F > F^. Using 
the existence of a smooth (w, m)-solution to the complex Hessian type equation 
(Theorem [3T7|), we get for 0 < e < 1, 

wj? Aw”-™ = ejw", 

where We £ SHm{uj) fl C°°{X). 

It is easy to see, by maximum principle, that Ws < h and Wg is decreasing in 
e. That means Wg as e 0 and is bounded from above by h. Taking limits 
on both sides as F —>■ F* uniformly, by Theorem 13.191 we get (for any fixed e) that 
We ^ We £ Am(w) nC'(A) uniformly and We is also increasing as e \ 0. Moreover, 
at the limit we have 

w™ A w”-™ = -h£)w”. 

Since We < h, the right hand side is uniformly bounded in L°°(X). The monotone 
sequence of continuous (w, m)-subharmonic functions {rc£}e>o is bounded by h, 
therefore it is Cauchy in L^{X). Let e \ 0, it follows from Corollary 13.121 that 
We yF w £ Mm(w) n C{X) uniformly and w satisfies 

, ,m A / ,n—m ^ -t Z? , 

A W < W . 

Now we claim that w = h. Indeed, as We < h, it follows that w < h. It remains 
to show that w >h on {w < h}. Take v £ SHmiw) fl L°°{X) and v < h. First, 
we observe that w™ A w””™ = 0 on {w < i;} C {w < h}. If {w < i;} were non¬ 
empty then by the maximality of w on this set would give a contradiction (see 
Theorem 12.161 Remark 12.181) . □ 
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